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In this paper we are dealing with the oscillatory and asymptotic behavior of 
the nth order (n > 1) differential equations with deviating arguments of the form 
(J-C 6) .(“W + a~@) d4g491, &,(41,-v ~k&N = 0 
where 6 = il. The real valued functions p, q and gi (; = 1, 2,..., m) are sup- 
posed continuous and such that: 
(i) The function p is nonnegative on the interval [t, , CO) and not iden- 
tically zero on any interval of the form [b, co). 
(ii) The function v  is nondecreasing on the set 
(YE Rm:(V'i)yi > 0 or (Vi)y, < 0) 
and for every yr , ys ,..., ym 
(Vi = 1, 2,..., 4Yi >o=-dY1,Y,,...,Ym)>O 
(Vi = I, 2,..., NY, < 0 * dY1 1 yz 9...,Y?J < 0 
(iii) For every i = 1, 2,..., m 
liiTlgi(t) = co. 
In what follows, we consider only solutions of (E, 8) which are defined for all 
large t. The oscillatory character is considered in the usual sense, i.e. a solution 
of (E, 6) is called oscillatory if it has no last zero, otherwise it is called nonoscilla- 
tory. 
In the last few years there is an increasing interest in the study of oscillatory 
and asymptotic behavior of differential equations with deviating arguments. The 
most of various papers on the subject concern in particular retarded differential 
equations. For general interest we refer to the papers [l]-[3], [7]-[la, [ 18]-[24] 
and the expository one [4]. 
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Here we treat strongly superlinear differential equations with deviating 
arguments of the form (E, 6). Under the condition (ii) equation (E, S) is called 
strongly superlinear if and only if 
I 
cc dr 
s 
-co 
~,(Y,Y,.-,Y) < co 
and dy <cc 
dY,YYVY) * 
For a more detailed description of the results given in this paper, it is con- 
venient to restrict ourselves to the particular cases of equation (E, 1) which 
appear when 
gJt) = gz(t) = ... = gm(t) = t or .YlW = gz(t) = ..’ =g,(t) = u(t) 
where tr is a continuously differentiable function with 
u(t) < t for all large t 
In these cases equation (E, 1) takes respectively the form: 
or 
@)(t) t .p(t> @(x(t)> = 0 (*) 
.yt) + p(t) q+(t)]) = 0 (**I 
where Q(y) = ~(y, y,..., y). As it is well known the condition 
I 
cc 
t-p(t) dt = co (9 
is necessary and sufficient (cf. [ 171 for sufficiency and.[25] for necessity) in order 
that: 
(CL) for TZ even all solutions of (*) be oscillatory 
(,!I) for n odd every solution of (*) be oscillatory or tending monotonically 
to zero as t + 00 together with its first rr - 1 derivatives. 
On the other hand the analogous to (S) condition 
I 
co 
d-l(t) p(t) dt = cc (G 
for the retarded differential equation (**) is sufficient (cf. [20] or [S]), but not 
necessary (cf. [19]), in order that equation (**) have the above property (a) or @). 
Therefore, it is interesting to obtain oscillation results for (**) or the more 
general equation (E, 1) under conditions weaker that (Z). Moreover, another 
problem is to examine the class of functions g, , g, ,..., g, for which condition (S) 
is sufficient for equation (E, 1) in order to have property (a) or &I). We prove 
that when condition (S) is sufficient, it is also necessary for the above oscillatory 
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and asymptotic behavior of (E, 1). In particular, this occurs for the case of 
ordinary or advanced differential equation (E, 1). We also classify all solutions of 
(E, -1) with respect to their behavior as t --+ co and their oscillatory character. 
As far as we know, the obtained results for the equation (E, -1) are new even 
for the particular case of ordinary differential equations. We note moreover 
that Theorem 3 bellow, which gives a necessary and sufficient condition in order 
that equation (E, 8) have a solution x with lim,,, x(t) = L, L E R - {0}, con- 
cerns the general case of differential equations with deviating arguments. A 
similar theorem concerning functional differential equations has been proved at 
first by Staikos and Sficas (cf. [24]). Later on, Kusano and Onose [9], Grammati- 
kopoulos [2] and Mart&& [15] have proved similar results for the case of 
retarded differential equations. For proving Theorem 3 we make use of the fixed 
point technique based on the Schauder theorem. We note that all results refered 
above are obtained by the Tychonov fixed point theorem (cf. [24], [9] and [2]) or 
successive approximations [15]. Finally, Theorems 1 and 2 bellow are derived 
by appropriate transformations which lead to first order differential inequalities. 
These transformations are used at first here and they are proved to be very 
useful tools for our purposes. 
2. PRELIMINARIES 
In the sequel we consider functions p and c subject to the following conditions: 
(iv) p is defined at least on R - (0) and such that for any y # 0 
YPCY) > 0 
(v) The function yp(y) is nondecreasing for 33 > 0, nonincreasing for 
y < 0 and such that 
I 
“dy 
YPCY) < c0 
and s 
dy 
-cc YP(Y) < co, 
(vi) The function (J is continuously differentiable on [to, co) and such 
that 
4) < t for every t < t, 
u’(t) > 0 for every t 3 t, 
$+z u(t) = co. 
Note. From conditions (iv) and (v), it follows that lim,,, p(y) = ~0. Indeed, 
for any y > 0 we have 
v  du y  1 I- 1 1 Y/Z UPC4 +‘ypo=T’po 
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and since by (v) lim,,, J$ Wup(u) = 0, we get 
limp(y) = 00. 
Y+= 
In an analogous manner we can also prove that lim,,, p(y) = --co. 
To obtain our results we need the following three lemmas, the first two of 
which are improved versions of well-known lemmas due to Kiguradze [5] and 
[6j. For a proof of Lemma 3 we refer to [23]. 
LEMMA 1. Let u be a positive and n-times daflerentiable function on an interval 
[a, co). If zJn) is of constant sign and not identically zero on any interval of the form 
[b, to), then there exist a t, > a and an integer 1, 0 < 1 < n, with n + I even for 
u(n) nonnegative or n + 1 odd for zP nonpositive and such that 
and 
I > 0 =a u(*)(t) > 0 for eveYy t > t, (h = 0, I,..., I - 1) 
I < n - 1 * (-l)l+” aP(t) > 0 foreveryt>t, (K=Z,Zfl,...,n-1) 
LEMMA 2. If the function u is as in Lemma 1 and 
aa u(n)(t) < 0 for every t > t, 
then for every A, 0 < X < 1, there exists a M > 0 such that 
u(ht) > Mtn-l 1 u+l)(t)l for all Zarge t. (2) 
Proof. By Taylor’s formula and Lemma 1, we have 
4s) = u(tu) + --jj- s u’@J ( _ t,) + . . . + ep (s - t,)Z > fp (s - &)Z 
where t, < s* < s. But zP-Wn) < 0 on [tu , co) and consequently, by Lemma 
1, the function u(Z) is nonincreasing in [tu , co). So, 
u(s) > 7 (s - tJ for every s > tu 
and consequently for s = At, 0 < h < 1, we have 
u(k) > + (A - +)’ tzzJz)(At) for every t > tu . 
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Obviously, there exists a T > t, such that 
for every t >, T (3) 
which proves (2) in the case 1 = n - 1. 
Thus, it remains to prove (2) in the case I < n - 1. In this case using again 
the Taylor’s formula, we obtain 
u’Z’(ht) = u’Z’(t) + (-1) qp (t - At) 
+ *.. + (-l>n-l-z (n _ 1 _ I)! 
U(Yt*) (t _ q-1-z 
where At < t* < t. Hence, by Lemma 1, we have 
Ucn-l)@*) u’z’(w 3 (-l)n--l-z (* _ 1 _ z)! (t _ q-1-z = (yy’y! @ _ ;\qn-1-z. 
Since 
u(~-l)(t)l2 = 2dyt) u’“‘(t) < 0 for every t > T 
the function 1 &-l) 1 is nonincreasing on [T, co) and therefore 
for every t 3 T. (4) 
From (3) and (4) we easily obtain (2) with 
M _ A’ (1 - A)“-1-z 
2’Z! (n - 1 - I)! ’ 
Remark. If, in addition, lim,,, u(t) # 0, then, because of the monotonicity 
of u, it is easy to see that for all large t 
zl(t)>l 
u(g) ’ 2 Or 
u(t) > + u (; t) . 
Thus, applying (2) for h = 3, we derive that for some constant M > 0 
u(t) > MP-1 / ZP-l)(t)/ for all large t 
which means that in the particular case lim,,, u(t) # 0, inequality (2) holds 
also for X = 1. 
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LEMMA 3. If u is as in Lemma 1 and for some k = 0, l,..., n - 2 
plil zP)(t) = c, CER 
then 
pr zP+yt) = 0. 
3. OSCILLATORY AND ASYMPTOTIC BEHAVIOR OF EQUATION (E,S) 
THEOREM 1. Consider the dz#erentiaE equation (E, 6) subject to the condition (i), 
(ii) and (iii). Suppose further th a t f  or some k, 1 < k < m, there exist functions p, u 
which satisfy (iv), (v), (vi) and the foElowing: 
(vii) u(t) < gl,(t) for every t > t, . 
(viii) The function v(yl , yz ,,.., ym)/ykp( yr) is nondecreasing on the set 
{X E R”: (Vi) xi > 0 OY (Vi) xi < 0} 
(ix) For every p + 0 
s * a”-l(t) p(t) 1 h&)9 b&h-, k%&)) i?!dt) PkkW) & = o. 
I f  
(x) j” t”-+(t) dt = co 
then: 
(a) For 6 = 1 and n odd all solutions of the equation (E, 8) are either oscilla- 
tory or tending monotonically to zero as t + 0~) together with their first n - 1 
derivatives. 
(b) For S = -1 and n even every solution x of the equation (E, 6) satisfies 
exactly one of the following: 
(I) x is oscillatory. 
(II) x is nonoscillatory and tending monotonically to zero as t -+ oc, 
together with its$rst n - 1 derivatives. 
(III) It holds 
hi x(i)(t) = 00 for al2 i = 0, l,..., n - 1 
or 
li+z xci)(t) = -co for aZZ i = 0, l,..., n - 1. 
Proof. We assume the existence of a nonoscillatory solution x of (E, 8) with 
lim t,,x(t) #O. This solution can be supposed with domain [to, CO) and positive, 
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since the substitution u = --x transforms (E, 6) into an equation of the same 
form satisfying the assumptions of the theorem. Indeed, the transformed equa- 
tion is 
2@‘(t) t Mt) v*($&(ql, ~[&)lY.., 4gm(t)l) == 0 
where y*(y, ,y2 ,..., y,,J =: --p?(-yr , -y2 ,.,., -ynL). Thus, it is easy to see 
that the assumptions of the theorem are also satisfied for this equation, by 
considering in place of p the function p*, where p*(y) = -p(-F). 
Xext, by (vi) and (iii), we can choose t, , f ,  > t, , so that for every t 3 t, 
o(t) > max{t, , l} and gi(t) 3 max{t, , 1: (i =- 1, 2 ,..., m) (5) 
Since 
by (ii) and (5), it follows that 
6x(“‘(t) < 0 for every t 2 t, (6) 
and moreover, by (i), that I is not identically zero for all large t. 
Now, let t, , t, > t, , be assigned to the solution x as in Lemma 1. Since 
.V(+l)(t) is of constant sign for all t 3 t, , we consider the following two cases. 
Case 1. dn-l)(t) x(“)(t) > 0 for every t 2 t, . 
By Lemma I, this is the case where 6 = - 1 and consequently 
,W(t) > 0 and x(+l)(t) > 0 for every t > t, . 
Thus, by Taylor’s formula, we obtain that for any t > t, 
and consequently that there exists a constant p > 0 such that 
for all large t. 
Hence, because of (vi) and (iii), there exists t2 > t, , so that for every s 3 f, 
x[rJ(s)] > pd-ys) 
4%(41 >, PkP(4 2 P&(4 (i = 1, 2 )...) m). 
Moreover, because of (1) and (vi), t, can be chosen so that 
(7) 
P(P~“-1(4) 3 1 for every s 3 f, . 
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Now, taking into account conditions (viii), (v), (vii), (ii) and (iv), for every 
s 3 t, we have 
So, integrating from t, to t, we obtain 
t X(-(t) > x(+l)(t2) + s t, @-‘(4 P(S) 1 &%(s), @h(s), *. *, P&n(S)) k%(s) Pkk(S)) ds 
and consequently, by condition (ix), lim,,, x(‘+l)(t) = 00. Thus, by Lemmas 1 
and 3, the solution x satisfies (III). 
cfzse 2. x(+1)(t) xcn)(t) < 0 for every t >, t, . Here, because of (6), we 
remark that 
8x(-(t) > 0 for every t > t, . (8) 
Since in this theorem we examine only the cases, where 6 = 1 and n odd or 
6 = -1 and n even, the integer 2 assigned to the solution x as in Lemma 1, is 
always even and less than n - 1. So, both cases x’ > 0 on [t, , co) or x’ < 0 on 
[t, ) co) are possible. 
(A) x’(t) > 0 for every t > t, . 
Since obviously 1 > 2, x’ is nondecreasing on [tz , co) and consequently 
x(t) 2 x(4c) + (t - tr) x’(&!) for every t > t, . 
So, there exists a constant p > 0 such that 
x(t) > FLt for all large t 
and hence, because of (vi) and (iii), for some t, > t, and every t > t, we have 
44t)l 2 CL@) 
am a P&w (i = 1, 2 )...) m). 
(9) 
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Let 
Then from equation (E, S), taking into account (v), (vii), (viii), (9), (ii) and (iv), 
for every t > t, we obtain 
d-2(t) u’(t) 
x’(t) + gxcn-l)(t) x[gr(t)] p(x[gJ.(t)]) 
‘*.*’ X[gm(t)l) LI x[g.L(s)] p(x[g&)]) 
‘7+-2(s) u’(s) ds 
Now, by condition (vi), we choose a t, > t, so that 
an-l(b) 
p(n - 1) u”-l(t) <K for every t 2 t4 
where K = 1/2p(n - 1). Thus, for every t > t, we have 
x’(t) > Kc?-l ( t )PP> 1 d/-%W~ Pgz(t>,-*~ P&W) 
cw(t) a‘(t) 
&x(t) P k&N - *x(n-l)(t) x[u(t)] p(x[u(t)]) - 
Next, applying Lemma 2 for u = x’ and h = $, by condition (vi), we derive that 
there exist M > 0 and t, >, t, such that 
x’[gr(t)] > Mu”-2(t) 1 x’“-l’[u(t)]1 for every t > t, . 
Since in this case 
$1 x(+l)(t)l2 = 2x(+1)(t) x(n)(t) < 0 for every t > t, 
the function j I 1 is nonincreasing on [t, , co) and therefore, by (vi), 
x’[&T(t)] > Mu”-2(t) 1 x+l)(t)/ for every t > t, 
180 GRAMMATIKOPOULOS, SFICAS, AND STAIKOS 
Using this inequality, by (8) and condition (v), we obtain that for every t > t, 
Thus (11) leads to 
x’(t) > Ku”-l t ( >PN 1 P)(P&), Pl?2m*v P&m 
&c(t) Pb%w) 
for every t > t, 
and consequently, integrating from t, to t and taking into account conditions (ix) 
and (v), we derive that z is eventually positive, which contradicts (8) and (10). 
(B) x’(t) < 0 for every t 3 t, . 
Let 
w(t) = -8x(yt) P-1. (12) 
Obviously, by (8), the function w is nonpositive on [t, , co). Moreover, from 
conditions (iv), (v) and ( vu1 1 IS easy to see that the function ye is nondecreasing “‘) ‘t ’ 
on the set {x E R”: (Vi) xi > 0 or (Vi) xi < O}. So, by setting c = lim,,, x(t), 
c E R, from equation (E, a), we obtain that for every t 3 t, 
w’(t) = p(t) v(x[g1(t)], x[gz(t)],..., x[gm(t)]) P-l - (n - 1) 8x-)(t) F2 
>, P)(c, c,..., c) @p(t) - (n - 1) 8x(-(t) P-2. 
(13) 
Now, applying Lemma 2 for u = j x’ 1 and h = 4, we easily derive that there 
exist M > 0 and t, 3 t, such that 
1 x’($t)l 3 Mtn-2 1 x(n-l)(t)1 for every t > t, . 
Using this inequality, by (8), we obtain that for every t > t, 
g,(-)(t) p-2 = 1 x(+l)(t)l p-2 < ~.t”-2L.jxq~t) I* ‘;;xw!’ 
Thus, (13) leads to 
w’(t) > cJl(c, c,..., c) P-p(t) - %Ix’($t)I foreveryt>t, 
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and consequently, integrating from t, to t, by condition (x) and the fact that 
b +m x(t) = c, c E R, we derive that w is eventually positive, which contradicts 
(8) and (12). 
‘THEOREM 2. Considm the differential equation (E, 8) subject to the conditions 
(i)-( ix) and 
(xi) For every suficiently large T, 
where 
Then: 
1=$(t) R(t; T) dt = cc 
R(t; T) = J; s’+~o’(s) ds. 
(a) For 6 = 1 and n even all solutions of the equation (E, 8) are oscillatory 
(b) For6=-1 d an n odd every solution of the equation (E, 6) satisfies (I) 
or (III). 
Proof. Let x be a nonoscillatory solution of the equation (E, S). As in the 
proof of Theorem 1, this solution can be supposed positive on [to , co). Next, 
by conditions (vi) and (iii), we choose a t, , t, 3 t, , and prove (5) and (6). 
Let now t, , t, 3 tl , be assigned to the solution x as in Lemma 1. Since 
x(+l)(t) is of constant sign for every t 3 t, , we can distinguish the same cases 
as in the proof of Theorem 1, the first of which is carried out exactly the same 
way. So, it remains here to examine Case 2, i.e. the case where 
.(+1)(t) X(n)(t) < 0 for every t > t, . 
By (6), we remark that (8) holds for every t > t, . Since in this theorem we 
examine only the cases, where 8 = 1 and n even or 6 = -1 and n odd, the 
integer 1 assigned to the solution x as in Lemma I, is always odd and less than 
n - 1. Thus, we must have 
x’(t) > 0 for every t > t, . 
Since the case X” > 0 on [t, , co) can be carried out as in the proof of Theorem 
1, we confine ourselves in the case where 
x”(t) < 0 for every t >, t, . 
Consider the function 5 defined by the formula 
((t) = --6x (n-1)(t) .I:x[&-~:~i!(s),) ds’s. (14) 
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For some fixed A, 0 < X < 1, by Lemma 2, we choose a t, , t, > rz, and a 
constant M > 0 such that 
x’(h) 3 MP-~ 1 x(n-l)(t)j for every t 3 t, . 
Hence, from equation (E, S) for every t > t, we obtain 
r;‘(t) = PP> &4&)1~4&)1 
P-W(t) 
- Gx(n-1)(t) x[a(t)] p(x[u(t)]) 
> d~k&)l~ xkz(t)L a&N) 
4401 &Mt>l) * p(t) j-1 
s’+~u’(s) ds 
and consequently 
5’(t) > “c;;;;-9 c) p(t) qt; t&J - -L . 
x’[Au( t)] Au’(t) 
~4 4Wll ~MWt)l) 
where c = ming,0 x(t). Thus, integrating from t, to t and taking into account (v) 
and (xi), we derive that 5 is eventually positive, which contradicts (8) and (14). 
Remark. It is obvious that if condition (Z), i.e. 
s 
m 
u”“(t)p(t) dt = co 
is satisfied, then all conditions (ix)-(xi) are also satisfied. Thus, in the case of 
equation (E, 1) Theorems 1 and 2 imporve previous results due to Kusa.no 
and Onose [8] and Sficas and Staikos [ZO]. 
Now, we restrict our attention to a particular class of differential equations 
of the form (E, S), which includes the ordinary, advanced equations and some 
other ones of retarded or mixed type. This class is characterized by the condition 
(xii) li%inf ‘4 > 0 
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for some k with 1 < k < m. Under this additional assumption, by taking 
a(t) = ct, where c = 4 lim inft+,,,gk(t)/t, we derive that condition (ix) in Theo- 
rem 1 can be omitted and that condition (xi) in Theorem 2 specializes to the 
condition (x), i.e. 
i 
m 
~-p(t) dt = 00. 
Thus, from Theorems 1 and 2 we obtain the following corollary. 
COROLLARY 1. Consider the dzgerential equation (E, 6) subject to the condi- 
tions (i), (ii) and (iii). Suppose further that for some h, 1 < h < m, for which (xii) 
is valid, there exists a function p satisfying conditions (iv), (v) and (vii). 
If 
I 
m 
(4 t”-lp(t) dt = co 
then every solution x of the equation (E, S) possesses exactly one of the properties (I), 
(II) and (III). M oreover, (II) OCMLYS only in the cases where 6 = 1 and n odd OY 
6 = - 1 and n even, whiZe (III) in the case where 6 = - 1. 
An interesting particular case of the above Corollary is that of m = 1 and a 
strongly superlinear function T, i.e. 
I “dy P(Y) < cc and 
--m dy 
I- F(Y) < c0* 
In this case we can take p(y) = 1 q(y)l/y. 
THEOREM 3. Consider the da@rential equation (E, 6) subject to the conditions 
(i), (ii) and (iii). A necessary and su$kiezt condition in order that equution (E, 6) 
have a solution x with 
is that 
hi x(t) = L, LE R - (0) 
(xiii) 
I 
m  
t-p(t) dt < co. 
Note. In the cases where n is even and 6 = 1 or n is odd and S = -1, 
equation (E, 6) does not admit any nonoscillatory solution x with lim,,, x(t) = 0. 
So, in these cases the above condition (xii) is necessary and sufficient in order that 
equation (E, S) have a bounded nonoscillatory solution x with Km,,, x(t) # 0. 
Proof. We have only to prove that condition (xiii) is sufficient, since the 
necessity of (xiii) follows immediately from Theorem 1 in [22]. To this end we 
apply the fixed point technique by using the following Schauder’s theorem. 
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FIXED POINT THEOREM. Let Y be a Banach space and X any nonempty convex 
and closed subset of Y. If S is a continuous mapping of X into itself and the closure 
TX is compact, then there exists at least one fixed point x E X of S (i.e. a point 
xEXwith x = Sx). 
Now, we shall prove that for any L E R - (0) there exists a solution x of 
equation (E, S) with 
F+l x(t) = L. 
Without loss of generality, we suppose that L is positive and we choose a T > 
maxit, , l} so that 
I 
m  
s-$(s) ds < 4 * 
1 
T 
( 
3L 3L 3L * 
y 2’ - 2 ,...) - 1 2 
Let T,, = min{T, min,2,0g,(t),..., min,g,Og,(t)) and let Y be the Banach 
space of all continuous bounded real valued functions, which are constant on the 
interval [T,, , T], endowed with the usual sup-norm. We consider further the set 
X of all functions x E Y with 
for every t > TO 
which obviously is nonempty and as it is easy to see, it is a convex and closed subset 
of Y. 
Now, we define the mapping 5’: X-+ Y by the following formula 
YW = (W @> = 
m (s - V-1P(4 ~(xk&)l> 4&)1>-., 4c&)I) & 
if t>T 
m (s - V-l ~(4 d&ds)l, ok&&-, 4gm(41) & 
if T,, < t < T. 
This mapping satisfies all the assumptions of the fixed point theorem, i.e. 
(a) SX C X, (b) %? is compact; (c) S is continuous. 
Since (a) and (b) follow by the same arguments as in [2], we restrict ourselves 
in proving (c). To this end, we consider an x E X and a sequence (uy) in X with 
jj . Ij - lim ffV = x. 
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If we put y =I Sx and ZI, = Su, , then, by applying the Lebesgue dominated 
theorem as in [2], we obtain the pointwise convergence 
It remains to prove that the above convergence is also uniform, i.e. 
To this end we consider any subsequence (zJ of (zly), for which because of the 
compactness of the set SX, there exist a subsequence (w,,) of (au) and $ E ?% 
so that 
/I (1 - lim wA = *. 
Obviously, since uniform convergence implies the pointwise one to the same 
limit function, we must always have # = y, which proves (15). 
Finally, by the fixed point theorem, there exists an x E X with x = Sx, which 
is the required solution of the differential equation (E, S), since 
I x(t) -L I = (n 1 I)! ____ i p (s - w--l P(S) d~k&N~~k2(~)1~~~ . T an(41) A 
G (n: l)! ____ s tm (s - V-l ~(4 d4&)1~ xk&)l~~.., %&)I ds - 0 
as t-+ 03. 
From Theorem 3 it follows immediately that condition (x) in Corollary 1 is 
not only sufficient, but also necessary. More precisely we have 
COROLLARY 2. Under the assumptions of Corollary 1 condition (x) is necessary 
and su@ient in order that the conclusion of Corollary 1 hold. 
Some raleted results to the above corollary have also been given by Kusano 
[7, Theorem 3.51 and Onose [16, Theorem 3.51, but only for retarded differential 
equations. 
Finally, we remark that, as it has been proved by Sevelo and Vareh [18], 
condition (x), though necessary, is not always sufficient when (xii) fails. By 
virtue of Theorem 1, we give below two examples concerning the typical strongly 
superlinear retarded differential equation 
xczp+l)(t) + p(t) 1 x[a(t)]la sgn x[o(t)] = 0, t>o (01>1) (16) 
which show in some sense the effect of the delay on the sufficiency of condition 
(4. 
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EXAMPLE 1. Let o(t) = tB for some /3 with 0 < /3 < 1. By choosing 
P(Y) = log2 I Y I WY 
condition (ix) takes the form 
I 
m taS+(27-1)5 
log2 I Ilt5 I 
p(t) dt = CO. 
Since for 01 > 1 + 2r (1 - /3)/p, 
condition (ix)* can be replaced by 
(x>* s 
co 
t”‘p(t) dt = co. 
Thus, for 01 > 1 + 2r (1 - /?)/fi condition (x)* is necessary and sz@cient in 
order that every solution of (16) t 0 b e oscillatory or tending monotonically to zero as 
t -+ CO together with its$rst n - 1 derivatives. 
EXAMPLE 2. Let u(t) = log t and p be any function which satisfies (iv), (v) 
and (viii) with 
In this case condition (ix) takes the form 
64 * s 
m (log tyr--l+a 
1 p(p log t)] Ht) dt = co. 
Since we obviously have 
lim inf (log t)2r-1+a = 0 
t-=3 t2* 
we can not replace (ix)* by condition (x)*. 
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